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This study focuses on the buckling of cylindrical shells with small thickness variations under external
pressure. Asymptotic formulas in terms of the thickness non-uniformity parameter are derived by the
combined perturbation and Bubnov–Galerkin methods. In addition to the analytic investigation based
on the thin shell theory, a numerical analysis is also performed. Results from these formulas are discussed
and compared with those obtained by other authors.
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In recent years, the study on the stability of thin structural com-
ponents with variable thickness and geometrical imperfection has
attracted the attention of some researchers (Koiter, 1980; Elishak-
off et al., 2001; Gusic et al., 2000; Combescure and Gusic, 2001;
Kubenco and Koval’chuk, 2004; Khamlichi et al., 2004; Nguyen
and Tran, 2005; Nguyen and Dang, 2006; Nguyen and Thach,
2006a,b). Koiter (1980) and Elishakoff et al. (2001) apparently pio-
neered the study on the effect of axisymmetric imperfections in the
shape of the axisymmetric buckling mode on the stability of isotro-
pic and composite cylindrical shells under axial compression. By
means of FE bifurcation analysis, Combescure and Gusic (2001)
and Gusic et al. (2000) analyzed the inﬂuence of thickness varia-
tion in the circumferential direction on thin cylindrical shell buck-
ling under external pressure and studied the effect of geometrical
imperfection. Kubenco and Koval’chuk (2004) analyzed the vibra-
tions and dynamic stability of thin elastic shells with initial geo-
metric imperfections. The effect of localized axisymmetric initial
imperfections on the critical load of elastic cylindrical shell sub-
jected to axial compression is also presented by Khamlichi et al.
(2004) through analytical modeling. The above-mentioned investi-
gations have outlined the extreme sensitivity to initial imperfec-
tions of shells which buckle according to axial symmetric modes.
Nguyen and Tran (2005) and Nguyen and Thach (2006a) investi-ll rights reserved.
Engineering, Hochiminh City
Dst. 10, Hochiminh City, Viet
Luong T. Nguyen), elishako@
m (V.T. Nguyen).gated the buckling of thin rectangular plates and cylindrical panels
with variable thickness by the hybrid perturbation-Galerkin meth-
od. Nguyen and Dang (2006) and Nguyen and Thach (2006b) also
studied the stability of thin imperfect rectangular plates and cylin-
drical panels with variable thickness using the energy method.
These authors have showed that plates are also exhibit the
sensitivity to initial imperfections especially when the thickness
variation combines with the geometrical imperfection.
The major objective of this study is to investigate the buckling
under the external pressure of cylindrical shells with thickness var-
iation in axial direction, based on the reﬁned thin shell theory. The
hybrid perturbation-Galerkin method is utilized to determine the
critical load factor of cylindrical shells with variable thickness.
The inﬂuence of the thickness non-uniformity parameter on the
buckling load is investigated. Main difference with other investiga-
tions consists in the fact that in this study the asymptotic formulas
for the buckling load are derived and numerical results are inves-
tigated for simply supported shells under external pressure.2. Governing differential equations
Consider a cylindrical shell with small thickness variation
loaded in its mid-plane by uniform external, lateral pressure q
(Fig. 1). The shell thickness is not uniform in the x-direction and
the radius of cylindrical shell is R. We denote
N0ij; e0ij; W
0 ði; j ¼ 1;2Þ in-plane forces, strains in the mid-plane,
and deﬂection in the fundamental pre-buckling state, respectively;
N1ij;M
1
ij; e1ij; W
1 ði; j ¼ 1;2Þ are stretching forces, moments, strains
in the mid-plane, deﬂection in the adjacent buckling state, respec-
tively. We have the increments of solutions at buckling:
Fig. 1. Geometry of the laterally pressured cylindrical shell.
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¼W1 W0 ¼W1; ði; j ¼ 1;2Þ: ð1Þ
It is noted that in the buckling stateM0ij ¼ 0;W0 ¼ 0. We use the
basic general equations in terms of increments to solve the stabil-
ity problem of cylindrical shell under external pressure.
In the case of small deﬂection, the strain–displacement incre-
ment relations are of the form (Elishakoff et al., 2001):
ex ¼ oUox ; ey ¼
oV
oy
W
R
; cxy ¼
oU
oy
þ oV
ox
; ð2Þ
where U, V are displacements in x- and y-directions, respectively.
By taking the second derivative of these expressions and com-
bining the resulting expressions, we obtain the compatibility
equation:
o2ex
oy2
 o
2cxy
oxoy
þ o
2ey
ox2
¼ 1
R
o2W
ox2
: ð3Þ
We use the stability equation in terms of bending and twisting mo-
ment increments (Kliushnikov, 1986) in case of cylindrical shell un-
der lateral pressure:
o2Mx
ox2
 2 o
2Mxy
oxoy
þ o
2My
oy2
¼  N0y
o2W
oy2
þ Ny
R
 !
: ð4Þ
In deriving the buckling equation of cylindrical shell of variable
thickness based on the thin shell theory, we assume that there is
no abrupt variation in thickness so that the expression for bending
and twisting moment increments derived for shells of constant
thickness would be applied with sufﬁcient accuracy to this case
also. In these circumstances, we have:
Mx ¼ Dðx; yÞ o
2W
ox2
þ m o
2W
oy2
" #
;
My ¼ Dðx; yÞ o
2W
oy2
þW
R2
 !
þ m o
2W
ox2
" #
;
Mxy ¼ Dðx; yÞð1 mÞ o
2W
oxoy
;
ð5Þ
where
Dðx; yÞ ¼ Eh
3ðx; yÞ
12ð1 m2Þ ;
in Eq. (5), h(x,y) is the shell thickness and E, v are the modulus of
elasticity and Poisson’s ratio. Note that the second constitutive rela-
tion in Eq. (5) contains the term W
R2
due to use of the reﬁned expres-
sion for the curvature vy, according to the monograph by Volmir
(1967, p. 548). We express the relations of strain components inthe mid-plane of the cylindrical shell and the membrane forces
increments Nx; Ny; Nxy by the known formulas representing the
Hooke law:
ex ¼ Nx  mNyEhðx; yÞ ; ey ¼
Ny  mNx
Ehðx; yÞ ; cxy ¼
2ð1þ mÞNxy
Ehðx; yÞ : ð6Þ
The solution of the equilibrium equations is greatly simpliﬁed by
introducing the Airy stress function F deﬁned as:
Nx ¼ o
2F
oy2
; Ny ¼ o
2F
ox2
; Nxy ¼  o
2F
oxoy
: ð7Þ
Substituting Eq. (6) into Eq. (3) and taking into account Eq. (7)
yields:
h2r2r2F2hoh
ox
o3F
ox3
þ o
3F
oxoy2
 !
þ 2 oh
ox
 2
ho
2h
ox2
" #
o2F
ox2
mo
2F
oy2
 !
2hoh
oy
o3F
oy3
þ o
3F
ox2oy
 !
þ 2 oh
oy
 2
ho
2h
oy2
" #
o2F
oy2
mo
2F
ox2
 !
þ4ð1þmÞoh
ox
oh
oy
o2F
oxoy
2ð1þmÞh o
2h
oxoy
o2F
oxoy
¼Eh3 1
R
o2W
ox2
 !
; ð8Þ
with
r2 ¼ o
2
ox2
þ o
2
oy2
;r2r2 ¼ o
4
ox4
þ 2 o
4
ox2oy2
þ o
4
oy4
:
For the cylindrical shell under action of uniform lateral pressure
(Fig. 1), we substitute Eq. (5) into the buckling equation (4) and ob-
serve that the ﬂexural rigidity D is no longer a constant but the
function of coordinate x. We arrive at the following equations:
Eh3
12ð1 m2Þ r
2r2W þ 1
R2
þ o
2W
oy2
 !
þ 6Eh
2
12ð1 m2Þ
oh
ox
o3W
ox3
þ o
3W
oxoy2
 !
þ 3Eh
2
12ð1 m2Þ
o2h
ox2
o2W
ox2
þ m o
2W
oy2
 !
þ 6Eh
12ð1 m2Þ
oh
ox
 2
 o
2W
ox2
þ m o
2W
oy2
 !
þ 6Eh
12ð1 m2Þ
oh
oy
 2 o2W
oy2
þ m o
2W
ox2
þW
R2
 !
þ 6Eh
2
12ð1 m2Þ
oh
oy
o3W
oy3
þ o
3W
ox2oy
þ 1
R2
oW
oy
 !
þ 3Eh
2
12ð1 m2Þ
o2h
oy2
 o
2W
oy2
þ m o
2W
ox2
þW
R2
 !
þ Eh
2
2ð1þ mÞ
o2h
oxoy
o2W
oxoy
þ Ehð1þ mÞ
oh
ox
oh
oy
o2W
oxoy
¼ qcrR
o2W
oy2
þ 1
R
o2F
ox2
; ð9Þ
where W and F represent the displacement and stress functions,
respectively, R is the radius of cylindrical shell. Eqs. (8) and (9) con-
stitute the governing differential equations for small deﬂections of
cylindrical shell with variable thickness.
In Eqs. (8) and (9), h(x) is the cylindrical shell thickness, which is
assumed here to vary trigonometrically in x-direction:
hðxÞ ¼ h0 1 e cos p0
x
R
  
; eP 0; ð10Þ
where h0 is the cylindrical shell nominal thickness; e, p0 are the
non-dimensional parameters indicating the magnitude and wave
of the thickness variation, respectively. The thickness variation is
taken to be axisymmetrical and periodical in axial direction. For
p0 ¼ p RL ; x ¼ L=2 and x ¼ L=2 one has hðxÞ ¼ h0; for x ¼ 0 one
has hðxÞ ¼ h0ð1 eÞ as shown in Fig. 2. The thickness parameter e
is taken as varying from 0 to 0.2 and is positive in order to achieve
a worst, detrimental effect by a ‘‘thinning” of the wall thickness.
To make the resulting solutions more general, we transform the
above equations using non-dimensional parameters as follows:
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h0
; n ¼ x
L
; g ¼ y
L
; w ¼W
L
; f ¼ F
D0
: ð11Þ
Governing differential equations (8) and (9) can be rewritten in the
non-dimensional form:
H2
o4f
on4
þ 2 o
4f
on2og2
þ o
4f
og4
 !
þ 2 dH
dn
 2 o2f
on2
 m o
2f
og2
 !
 H
 o
2H
on2
o2f
on2
 m o
2f
og2
 !
 2HdH
dn
o3f
on3
 m o
3f
onog2
 !
 2ð1
þ mÞHdH
dn
o3f
onog2
¼ 12ð1 m
2ÞH3L3
Rh20
o2w
on2
; ð12Þ
1
L2R
o2f
on2
þ qcrR
D0L
o2w
og2
þ 6H
L3
dH
dn
 2 o2w
on2
þ m o
2w
og2
 !
þ 3H
2
L3
 d
2H
dn2
o2w
on2
þ m o
2w
og2
 !
þ 6H
2
L3
dH
dn
o3w
on3
þ o
3w
onog2
 !
þ H
3
L3
o4w
on4
þ 2 o
4w
on2og2
þ o
4w
og4
þ L
2
R2
o2w
og2
 !
¼ 0: ð13Þ
If the cylindrical shell is simply-supported at its ends then the
boundary conditions will be:
f 1
2
 
¼ 0;
f 00 1
2
 
¼ 0;
w 1
2
 
¼ 0;
w00 1
2
 
¼ 0:
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Fig. 2. Thickness variation HðnÞ versus no3. Hybrid perturbation-Galerkin method
In view of the separation of variables, stress and deﬂection func-
tion can be chosen as satisfying the boundary conditions (14) as
follows:
f ðn;gÞ ¼ f ðnÞ cosnL
R
g;
wðn;gÞ ¼ wðnÞ cosnL
R
g;
ð15Þ
with
wðnÞ ¼ A cos pL
R
n
 
;
p ¼ mpR
L
; ðm ¼ 2kþ 1Þ;
ð16Þ
where n denoting number of circumferential buckling waves and m
denoting longitudinal buckling mode. Alternative representation in
circumferential direction contains either cosðnhÞ or cos n LRg
 
in Eq.
(15). Our current notion is motivated by the fact that the expression
(15) is adopted by many investigators. According to the monograph
by Volmir (1967, p. 537), shell buckles when m ¼ 1 and this fact is
conﬁrmed by experiments. The most detrimental thickness varia-
tion mode therefore is p0 ¼ p ¼ p RL, that is HðnÞ ¼ 1 e cosðpnÞ.
Eqs. (12) and (13) are thus transformed into ordinary differential
equations:
H2f ð4Þ  2HdH
dn
f ð3Þ þ 2H2 nL
R
 2
þ 2 dH
dn
 2
 Hd
2H
dn2
" #
f 00
þ 2HdH
dn
nL
R
 2
f 0
þ H2 nL
R
 4
þ 2 dH
dn
 2
m
nL
R
 2
 HdH
2
dn2
m
nL
R
 2" #
f
þ 4c2z2H3 w00 ¼ 0; ð17Þ0 0.1 0.2 0.3 0.4 0.5
ll thickness variation
x/L
n-dimensional coordinate nðe ¼ 0:1Þ.
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dn
w000 þ 2H3 nL
R
 2
þ 6H dH
dn
 2
þ 3H2 d
2H
dn2
" #
w00
(
 6H2 dH
dn
nL
R
 2
w0 þ H3 nL
R
 4
 H3 L
2
R2
nL
R
 2
 6H dH
dn
 2
m
nL
R
 2"
3H2 d
2H
dn2
m
nL
R
 2
 L
2
D0
qcrR
nL
R
 2#
w L
R
f 00
)
cos
nL
R
g
 
¼ 0: ð18Þ
In order to solve the compatibility equation (17) for f , the perturba-
tion procedure will be employed hereinafter. According to the
monograph by Elishakoff et al. (2001), f can be expressed in term
of the thickness variation parameter e as:
f ðnÞ ¼ f0ðnÞ þ ef1ðnÞ: ð19Þ
Substituting (19) into (17) and keeping Eq. (10) in mind, and col-
lecting the like terms yield:
f ð4Þ0  2N2f 000 þ N4f0 þ 4
L
h0
c2r2 w00 þ e f ð4Þ1  2N2f 001 þ N4f1
h
 2N4 cosðPnÞf0  N2P2m cosðPnÞf0 þ 2N2P sinðPnÞf 00
 P2 cosðPnÞf 000 þ 4N2 cosðPnÞf 000  12c2r2
L
h0
cosðPnÞw00
2P sinðPnÞf 0000  2 cosðPnÞf ð4Þ0
i
¼ 0; ð20Þ
where
P ¼ pL
R
N ¼ nL
R
r ¼ Lﬃﬃﬃﬃﬃﬃﬃﬃ
Rh0
p c ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ3ð1 m2Þq : ð21Þ
From Eq. (20), we obtain:
Lðf0Þ ¼ 4 Lh0 c
2r2 w00; ð22ÞLðf1Þ ¼ 2N4 cosðPnÞf0 þ N2P2m cosðPnÞf0  2N2P sinðPnÞf 00
þ P2 cosðPnÞf 000  4N2 cosðPnÞf 000 þ 12c2r2
L
h0
 cosðPnÞ w00 þ 2P sinðPnÞf 0000 þ 2 cosðPnÞf ð4Þ0 ; ð23Þ
where the operator Lðf Þ is deﬁned as follows:
Lðf Þ ¼ f 4  2N2f 00 þ N4f : ð24Þ
Eqs. (22)–(24) and the boundary conditions (14) are solved here
analytically with the aid of the computerized symbolic algebraMat-
lab for non-dimensional stress function components f0 and f 1:
f0 ¼ a1 cos Pn; ð25Þf1 ¼ 1
2h0N
4ð1þ eNÞ2ðN2 þ 4P2Þ2
eNn 12Ac2LP2z2 eNnðN2 þ 4P2Þ
hn
þ eNð2þnÞðN2 þ 4P2Þ2 þ 2eNþNnðN2 þ 4P2Þ þ e3N=2þ2NnP2
 8N2  16P2 þ N3ð1þ 2nÞ þ 4NP2ð1þ 2nÞ
 
 eN=2P2
 8N2 þ 16P2 þ N3ð1þ 2nÞ þ 4NP2 1þ 2nð Þ
 
þ eN=2þ2NnP2
 8N2  16P2 þ N3ð1þ 2nÞ þ 4NP2ð1þ 2nÞ
 
 e3N=2P2
ð8N2 þ 16P2 þ N3ð1þ 2nÞ þ 4NP2ð1þ 2nÞÞ
i
þ a1h0
 eNnðN2 þ 4P2Þ2ð2N4 þ 3P4 þ N2P2ð6þ mÞÞ þ eNð2þnÞðN2 þ 4P2Þ2
h
 ð2N4 þ 3P4 þ N2P2ð6þ mÞÞ þ 2eNþNnðN2 þ 4P2Þ2 ð2N4 þ 3P4 þ N2P2ð6þ mÞÞ þ e3N=2þ2NnP2
 20N6  48P6  8N2P4ð15þ 2mÞ  4N2P2ð21þ 2mÞ

þ12NP6ð1þ 2nÞ þ N5P2ð19þ mÞð1þ 2nÞ þ N3P4ð31þ 4mÞ
ð1þ 2nÞ þ N7ð3þ 6nÞ

 eN=2P2ð20N6 þ 48P6 þ 8N2P4
 ð15þ 2mÞ þ 4N4P2ð21þ 2mÞ þ 12NP6ð1þ 2nÞ þ N5P2ð19þ mÞ
 ð1þ 2nÞ þ N3P4ð31þ 4mÞð1þ 2nÞ þ N7ð3þ 6nÞÞ
þ eN=2þ2NnP2 20N6  48P6  8N2P4ð15þ 2mÞ  4N4P2ð21þ 2mÞ

þ 12NP6ð1þ 2nÞ þ N5P2ð19þ mÞð1þ 2nÞ þ N3P4ð31þ 4mÞ
ð1þ 2nÞ þ N7ð3þ 6nÞ

 e3N=2P2ð20N6 þ 48P6 þ 8N2P4ð15þ 2mÞ
þ 4N4P2ð21þ 2mÞ þ 12NP6ð1þ 2nÞ þ N5P2ð19þ mÞð1þ 2nÞ
þN3P4ð31þ 4mÞð1þ 2nÞ þ N7ð3þ 6nÞÞ
io
þ a2 cosð2PnÞ;
where
a1 ¼ 4Ac
2LP2r2
h0ðN2 þ P2Þ2
;
a2 ¼ 12Ac
2LP2r2 þ a1h0ð2N4  P4 þ N2P2ð2þ mÞÞ
2h0ðN2 þ 4P2Þ2
:
Applying the Bubnov–Galerkin procedure to the equilibrium equa-
tion (18), we arrive atZ 2pR=L
0
Z 1=2
1=2
H3 wð4Þ þ 6H2 dH
dn
w000 þ 2H3N2 þ 6H dH
dn
 2"(
þ3H2 d
2H
dn2
þ L
2
R2
mH3
#
w00  6H2 dH
dn
N2 þ m L
2
R2
 !
w0
þ H3N2 N2  L
2
R2
 !
 6H dH
dn
 2
m N2  L
2
R2
 !
 3H2 d
2H
dn2
m
"
 N2  L
2
R2
 !
 L
2
D0
qcrRN
2
#
w L
R
f 0
)
cosðNgÞdwdndg ¼ 0; ð26Þ
where dw ¼ cosðNgÞ cosðPnÞ. Substituting (19) with fi into Eq. (26)
and making some algebraic manipulation lead to an eigenvalue
problem with attendant buckling load owing to the thickness
variation.
4. Determination of buckling load
From Eq. (26) we obtain the following expression:
A 3h0L
2N2pðN2 þ p2Þ4qcrR3 þ D0 4c2L2p4Rz2ðN4ð3p 8eÞ
nh
þp4ð3p 8eÞ þ 2N21p2ð3pþ 4eð1þ mÞÞÞ
þ3h0ðN2 þ p2Þ4 L2N2ðp 8eÞ  R2 N4ðp 8eÞ þ p4ðp 8eÞ

þ2N2p2ðp 4eð1þ mÞÞ
oi
¼ 0; ð27Þ
where A is the amplitude of deﬂection of the cylindrical shell ðA–0Þ.
Consider the normalized quantity as follows:
k ¼ qcr
q0cr
ð28Þ
where k is the non-dimensional buckling load factor due to the
thickness variation, q0cr is the buckling load of the cylindrical shell
with constant thickness, qcr is the buckling load of the cylindrical
shell with variable thickness.
Substituting e ¼ 0 into Eq. (27), the buckling load of the cylin-
drical shell with constant thickness ðh ¼ h0Þ is determined as:
Table 1
Comparison of the buckling load ðE ¼ 2:0 1011 N=m2Þ.
L
R
R
h0
ncr q0cr (Pa)
(present study)
q0cr (Pa) (Vodenitcharova
and Ansourian, 1996)
Error (%)
0.5 300 15 276,223 276,620 0.14
3000 28 781.48 781.6 0
1 300 11 126,672 126,960 0.22
500 13 34,798 34,843 0.13
1000 15 6041 6048.8 0.129
1500 17 2174 2176.7 0.12
2000 18 1055 1055.9 0
3000 20 380.8 381.0 0
2 300 8 60,501 60,733 0.38
3000 14 188.2 188.4 0
3 300 7 40,583 40,719 0.33
3000 12 124.9 125.1 0.16
5 300 5 23,264 23,534 1.16
3000 9 74.1 74.4 0.4
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D0ðL2n2 þ p2R2Þ2
L4R3n2
 D0
R3
þ Eh0R
3p4
n2ðL2n2 þ p2R2Þ2
ð29Þ
For e–0 from Eq. (27), the buckling load of the cylindrical shell with
variable thickness h ¼ hðxÞ is obtained:
qcr ¼
D0ðL2n2þp2R2Þ2
L4R3n2
D0
R3
þ Eh0R
3p4
n2ðL2n2þp2R2Þ2
 !
 1
ðh20n2pR3ðL3n2þLp2R2Þ4Þ
e 8D0 h
2
0ðL2n2þp2R2Þ4ðL4n2ðn21Þ
h
þp4R4þL2n2p2R2ð1þmÞÞ4L4p4R6 L2n2p2ð1þmÞ2ð1þmÞ

þL4n4ð1þm2Þþp4R4ð1þm2Þ
i
: ð30Þ
Substituting Eqs. (29) and (30) into Eq. (28), the non-dimensional
buckling load factor due to the thickness variation becomes:
k ¼ 1 e 8 p12 þ n10ð1þ n2Þx121 þ n2p10x21ð5þ mÞ þ n8p2x101
	
 ð4þ n2ð5þ mÞÞ þ 2n2p6x61 2n2 þ 2y21ð1þ mÞ2ð1þ mÞ

þn4ð7þ 3mÞþ n4p4x81ð6n2 þ n4ð11þ 4mÞ  4y21ð1þ m2ÞÞ
þp8x41 n2 þ n4ð11þ 4mÞ  4y21ð1þ m2Þ
 

=
 pðp2 þ n2x21Þ2 p8 þ 4n2p6x21 þ 2n4ð1þ 2n2Þp2x61

þn6ð1þ n2Þx81 þ p4x41 n2 þ 6n4  12y21ð1þ m2Þ
  ð31Þ
with
x1 ¼ LR ; y1 ¼
R
h0
: ð32Þ5. Numerical analysis, comparison and discussion
When e ¼ 0, in case of inﬁnitely long shells, ðL RÞ, from Eq.
(29) we obtain the same critical lateral pressure of the perfect shell
established by Timoshenko and Gere (1961), Volmir (1967), Brush
and Almroth (1975), Kliushnikov (1986):
q0cr ¼
Eh30ðn2  1Þ
12ð1 m2ÞR3 : ð33Þ
From the expression (29), we have
q0cr ¼ D0R
n
R2
þ p
2
nL2
 2
 D0
R3
þ Eh0p
4R3
L4n6 1þ p2R2
n2L2
 2 : ð34Þ
For the moderately long shell, the following requirement can be
satisﬁed:
pR
nL
 2
 1: ð35Þ
Then the formula (34) is simpliﬁed as follows:
q0cr ¼
1
12ð1 v2Þ
ðn2  1Þh0
R
þ p
4R5
L4h0n6
 !
Eh20
R2
; ð36Þ
which becomes minimum when the number of circumferential
buckling waves ncr (with m ¼ 0:3) is:
ncr  2:7
ﬃﬃﬃ
R
L
r ﬃﬃﬃ
R
h
4
r
: ð37Þ
In case of ﬁnite cylinders, we compare the buckling loads ob-
tained from (34) with results of Vodenitcharova and Ansourian
investigation, based on Flugge’s stability equations in couple form
(Vodenitcharova and Ansourian, 1996) for simply supported (S-S)
shells, as shown in Table 1.As shown in Table 1, results of the present study are in a good
agreement with the above-mentioned authors.
In order to investigate the variation of the buckling pressure
due to a small thickness e–0, the inﬂuence of the thickness param-
eter e and shell geometrical parameters are studied. In case of inﬁ-
nite long shells with the thickness imperfection, when e–0, from
the expression (31), the non-dimensional buckling load factors k
due to the thickness variation of the cylindrical shell is given:
k ¼ 1 8
p
e: ð38Þ
From the formula (38), when the amplitude of the thickness varia-
tion  is as small as 0.2, the buckling load factor of inﬁnite cylindri-
cal shells will be reduced about 50% from its counterpart of the
cylindrical shell with constant thickness.
In the case of uniform thickness reduction, when the thickness
is reduced to the minimum value of the wall thickness considered
as:
hðxÞ ¼ h0ð1 eÞ: ð39Þ
The buckling load factor, from the formula (33), can be determined
as:
k ¼ 1 3eþ 3e2  e3 ¼ 1 3eþ O½e2: ð40Þ
From formulas (38) and (40), it can be seen that the buckling
load of shells with uniform reduced thickness is more sensitive
to thickness variation than shells with axisymmetrical periodic
thickness variations.
We now assume that the buckling modes of the shell with a
constant thickness e ¼ 0 remain a good approximation for the
buckling modes of the shell with thickness variation e–0. In case
the requirement (35) is satisﬁed, the number of circumferential
buckling waves ncr for imperfect shells is considered qualitatively
the same as for perfect ones and we can use formula (38) for ncr .
For the parameter values Rh0 ¼ 300; Rh0 ¼ 1000 and m ¼ 0:3, from
the expression (31), the non-dimensional buckling load factors k
due to the thickness variation of the cylindrical shell are reduced
for a wide range of LR as:
0:5 6 L
R
6 8; R
h
¼ 300 : k ¼ 1 2:0e; ð41Þ
0:5 6 L
R
6 14; R
h
¼ 1000 : k ¼ 1 2:0e: ð42Þ
From the obtained results it is seen that the effect of thickness
variation occurs when is positive. Even if the amplitude of the
thickness variation e is as small as 0.2, the buckling load factor of
moderate cylindrical shells will be reduced about 40% from its
counterpart of the cylindrical shell with constant thickness.
Fig. 3. Relation between k and LR ; e
R
h0
¼ 300; m ¼ 0:3
 
.
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the case Rh0 ¼ 300, is shown in Fig. 3.
From Eqs. (38), (41) and (42) we can observe that inﬁnitely long
shells (rings) are more sensitive than the ﬁnite length ones in case
of axisymmetric thickness imperfection. This type of result is sim-
ilar, in nature, to the results obtained by Gusic et al. (2000) in the
case of uniform thickness reduction.
The above results show that the effect of the thickness variation
on buckling pressure of shells deserves special attention. Thickness
imperfection can occur due to the fabrication procedure (compos-
ite shells, rolled steel sheets) or due to the corrosion in the aggres-
sive environment (off-shore structures, submarines). Geometrical
and thickness imperfections are the main reason for the observed
difference between experimental results and theoretical predic-
tions when a perfect shell with constant thickness assumed.
6. Conclusion
In this paper, the coupled linearized governing stability equa-
tions for cylindrical shell with variable thickness under external
pressure are ﬁrst introduced. Based on these equations, a study
of the stability of the perfect cylindrical shell with thickness vary-
ing along the x-axes with sine functions is presented. The formulae
for the buckling load are derived by using the hybrid perturbation-
Galerkin method.
By making thickness non-uniformity parameter equal to zero,
one obtains the formulae for critical buckling pressure of the shell
with constant thickness.
From the obtained results, one concludes that the variable
thickness can cause the reduction of the load carrying capacity of
cylindrical shell structures, and therefore this effect ought to be ta-
ken into account in the design of cylindrical shell structures.
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